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TIMES TWO, THREE, FIVE ORBITS ON T2
HAN YU
ABSTRACT. In this paper, we study orbit closures under diagonal torus
actions. We show that if (x, y) ∈ T2 is not contained in any rational lines,
then its orbit under the ×2,×3,×5 actions is dense in T2.
1. INTRODUCTION AND BACKGROUNDS
1.1. Backgrounds. In this note, we are interested in subsets of Td, d ≥ 2
which are simultaneously invariant under multiple torus endomorphisms.
One of the first results in this area is due to Furstenberg, see [F67, PART
IV].
Theorem 1.1 (Furstenberg). Let A ⊂ T be a closed ×2,×3 invariant set. Then
either A is a finite set of rational numbers or A = T.
Remark 1.2. This result also holds if we replace 2, 3 by another pair of integers
p, q > 1 such that log p/ log q /∈ Q.
Later on, this result was extended to deal with higher dimensional torus
endomorphisms, see [B84]. Let d ≥ 2 and Σ be a commutative sub semi-
group of GLd(Z). Under an irreducibility condition on Σ, the only infinite
closed Σ-invariant subset of Td is Td itself. The precise condition for Σ
is technical. Essentially, the most important part is that elements in Σ do
not have any common non-trivial invariant subspaces (subtori), see [B84],
[LW12] for more detailed discussions.
One might be interested in dropping the irreducibility condition, which
played a very central role in the proofs in [B84]. However, without this con-
dition, one cannot hope to obtain a result mentioned above. For example,
consider×2,×3 actions on T2. Clearly, all homogeneous lines (for example,
the diagonal line) are invariant under both×2,×3. It is natural to guess that
essentially all closed invariant sets are special in some sense. In [MP99] the
following result was proved.
Theorem 1.3 (Meiri and Peres). Let d ≥ 2 be an integer. Let A ⊂ Td be a closed
×2,×3 invariant set. Then dimHA ∈ {0, 1, . . . , d}.
The result in [MP99] is more general than what we stated here, a measure-
theoretic version of the above result was also presented. Here dimHA is the
Hausdorff dimension of A, see [F05] for a systematic introduction. As a
rational point has dimension zero, a line has dimension one, and T2 has
dimension two, we see that the above result gives a coarse classification of
closed invariant sets. InT2, it is easy to see that if dimHA = 0 thenA is finite
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and if dimHA = 2 then A = T2. The intriguing case is when dimHA = 1.
We know that A contains at most finitely many lines. However, A could be
a complicated union of lines and rational points. In order to have a clear
view, we consider orbit closures. That is, A is the topological closure of
an orbit under ×2,×3. In this case, it might be the case that the following
conjecture holds.
Conjecture 1.4. Let d ≥ 2 be an integer. Let A ⊂ Td be an orbit closure under
×2,×3 actions. Then A is a union of finitely many (possibly non-homogeneous)
subtori.
A homogeneous subtorus is a linear subspace ofTd. A non-homogeneous
subtorus is a translated copy of a homogeneous subtorus. In the setting of
toral automorphisms, a related result was proved in [LW12, Theorem 1.5].
Theorem 1.5. Let L1, L2, L3 be three automorphisms on Td with at least one
of the actions being totally irreducible. Consider the diagonal actions L∆i , i ∈
{1, 2, 3} on Td × Td by
L∆i (x, y) = (Li(x), Li(y)).
Then any closed L∆1 , L
∆
2 , L
∆
3 invariant set is a union of finitely many (possibly
non-homogeneous) subtori.
1.2. Main results in this paper. For clearness, given an integer k ≥ 1, the
×k map acts on T2 by multiplying k on all coordinates. We write it as Tk
for short.
1.3. ×2,×3,×5 invariant subsets of T2. We start with the following ques-
tion.
Question 1.6. Let (x, y) ∈ T2 be an arbitrary point. Construct the orbit:
Orb2,3,5(x, y) = OrbT2,T3,T5(x, y) = {T k22 T k33 T k55 (x, y)}k2,k3,k5∈N.
What can we say about Orb2,3,5(x, y)?
There are some simple cases to point out. Let (x, y) be a rational point
(i.e. x, y ∈ Q). Then Orb2,3,5(x, y) is a finite set of rational points. The
case when precisely one of x, y is rational is similar. In this case, the orbit
is dense in a set of lines. Suppose now that x, y are not rational but x, y
are rationally related (i.e. we can find integers m,n, k such that (m,n, k) =
1 and mx + ny = k). In this case we see that mx′ + ny′ ∈ Z holds for
each (x′, y′) ∈ Orb2,3,5(x, y). Since (x, y) is not a rational point, we can use
Furstenberg’s theorem to conclude that Orb2,3,5(x, y) is dense in a union of
lines. The last case is when x, y are not rational nor rationally related. One
can guess that Orb2,3,5(x, y) is dense in T2. We will prove this guess.
Theorem 1.7. Let (x, y) ∈ T2 be such that x, y are not rational nor rationally
related. Then Orb2,3,5(x, y) is dense in T2. The converse is also true.
We will prove this theorem in Section 5. Several remarks are in order.
Remark 1.8. The authors of [LW12] have announced that their methods can be
extended to cover Theorem 1.7, the details of which are to be published in a forth-
coming paper. See [LW12, Page 1308, last paragraph]. However, our proof in this
paper is based on an entirely different approach.
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Remark 1.9. We note that when T2, T3, T5 are replaced by two actions A1, A2
which are irreducible (without common invariant non-trivial subspaces) then the
above theorem is turned into a result in [B84]. A key point here is to overcome the
difficulty caused by the fact that T2, T3, T5 are all diagonal actions carrying many
common invariant non-trivial subspaces.
Remark 1.10. It is perhaps strange that one needs three actions instead of two in
Theorem 1.7. We do not think that all the three actions are necessary. However,
at this stage, we are not able to tell whether or not T2, T3 are already sufficient to
obtain a dense orbit in T2 in the statement of Theorem 1.7.
Remark 1.11. One may ask whether this result can be proved on Td, d ≥ 3. That
is, whether it is true or not that for x ∈ Td, which is not contained in any rational
affine subspaces, the ×2,×3,×5 orbit of x is dense in Td. This is not true. In
fact, [M10, Theorem 2] shows that this is not true for d ≥ 6. The situation is
unclear for d = 3, 4, 5.
We point out a direct consequence of Theorem 1.7 on simultaneous Dio-
phantine approximation.
Corollary 1.12. Let x, y be irrational numbers which are not rationally related.
Then for each (α, β) ∈ [0, 1)2 we have
lim inf
k2,k3,k5∈N
max{‖2k23k35k5x− α‖, ‖2k23k35k5y − β‖} = 0.
Here ‖x‖ is the distance between x and the set Z.
Our method cannot provide any quantitative estimate the above Dio-
phantine approximation. A related problem is a conjecture of Littlewood
(see more details in [EKL06]) says that for x, y being irrational numbers,
lim inf
n→∞ n‖nx‖‖ny‖ = 0.
However, if we restrict the set of choices of n, then it is unlikely that the
above approximation can hold. In fact, it is interesting enough to see whether
it is possible to show that
lim inf
k2,k3,k5→∞
f(k2, k3, k5)‖2k23k35k5x‖‖2k23k35k5y‖ = 0.
for a suitable function f such that
lim
k2,k3,k5→∞
f(k2, k3, k5) =∞,
for example f(k2, k3, k5) = log(k2k3k5 + 2).
2. NOTATIONS
• In this note, for integer d ≥ 1 we identify [0, 1]d with Td = Rd/Zd in
the standard way. Unless otherwise mentioned, given a ∈ Td and
by multiplying an integer k we obtain ka ∈ Td (the mod 1 action
is implicitly performed). This action can be written as a diagonal
matrix diag(k, . . . , k). We write this action as Tk.
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• We will use Π to denote projections (or coordinate components).
For example, let a = (x, y) ∈ T2. We write Π1a = x,Π2a = y.
Sometimes, we use (x, y) with negative values of x or y. In this
case we consider (x, y) to be the corresponding point (x′, y′) on T2
with (x − x′, y − y′) ∈ Z2. More generally, for any set E ⊂ Rd, we
also consider E as a subset of Td in a natural way. Thus a line in Rd
is actually a union of line segments in [0, 1]d.
• For n ≥ 1, a1, . . . , an ∈ GLd(Z) we write Orba1,...,an(x1, . . . , xd) for
the orbit
{T k1a1 . . . T knan (x1, . . . , xd)}k1,...,kn∈N,
We say thatA ⊂ Td is Ta1 , . . . , Tan invariant if for each i ∈ {1, . . . , n},
Tai(A) ⊂ A.
• We will use the notion of directions of lines in Rd or Td. Directions
can be viewed as elements in Sd−1/{±1} or Pd−1(R). We prefer to
have Sd−1 in mind as it has a nice geometric shape. However, some-
times we are interested in rationalities of directions. In this situa-
tion, we represent a direction as an element in Pd−1(R) with coor-
dinate (1, t1, . . . , td−1) (it does not matter whether we normalise the
first coordinate or others, since Pd−1(R) is covered by such charts).
We say that t is irrational, if t1, . . . , td−1 are linearly independent
over the field of rational numbers. Otherwise, we say that t is ra-
tional. In some situations, it is more convenient to talk about the
Q dimension of SpanQ(t1, . . . , td−1). We denote it as dimQ(t). This
number does not depend on the chart we chose. (It is coordinate
free.) We say that t is irrational if dimQ = d− 1.
• Let l be a line in R2. Then we can also view it on T2. If the direction
of l is rational, then l is a union of finitely many line segments in
T2. We say that l is homogeneous if l passing through the origin,
i.e. l ⊂ R2 intersects Z2. We say that l is rational, if the diraction
of l is rational and there is an integer N > 0 such that TN (l) is ho-
mogeneous. In other words, a rational line is a line with ratoinal
direction containing at least one (then necessarily infinitely many)
rational points.
• We will be mostly considering diagonal actions onTd. LetL ∈ SLd(Z).
Let a ∈ Td and k ∈ Z. Then in Td we have
L−1Tk(La) = Tk(a).
Thus we can ‘change coordinates’ by multiplying a matrixL ∈ SLd(Z).
In the new coordinate system, Tk still acts as diag(k, . . . , k).
3. ×2,×3 PHENOMENA AND FURSTENBERG’S ARGUMENT
Here we discuss an important observation due to Furstenberg. Let an ∈
(0, 1), n ≥ 1 be a sequence decaying to 0. Let  > 0 be a small number
and let an be such that |an| < . We want to consider 2k23k3an for k2, k3 ∈
N. Without loss of generality, we can assume that an > 0. Here we view
everything in R rather than in T. Taking logarithms, we want to consider
k2 log 2 + k3 log 3 + log an.
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Since log 2/ log 3 /∈ Q we see that the additive semigroup S2,3 generated by
log 2, log 3 is eventually dense in the sense that for each δ > 0 there is a
number M > 0 such that
S2,3 ∩ [M,∞)
is δ dense. Now as an → 0 we see that log an → −∞. This implies that
{k2 log 2 + k3 log 3 + log an}k1,k2≥0 ∩ [−0.5, 0] can be arbitrarily dense by
letting n be sufficiently large. Taking exponentials, we see that for large n,
{2k23k3an}k2,k3≥0 ∩ [e−0.5, 1] can be arbitrarily dense. Of course, the e−0.5
here can be taken to be any positive number smaller than 1.
Using the above argument, one can show that if 0 is not an isolated point
of a closed ×2,×3 invariant subset A ⊂ T, then A = T. Later on, we will
use this observation many times. For convenience, we call this type of ar-
gument to be a Furstenberg argument. We mention here that we will not only
apply this argument in one-dimensional situations. For such an example,
see the proof of Lemma 4.2.
4. LOCAL DIRECTIONS
Here we introduce the notion of local directions.
Definition 4.1. Let A ⊂ T2 and a ∈ T2. Then we construct the following set
Dera(A) =
{
t ∈ S1/{±1} ≈ P1(R) : ∃an ∈ A \ {a}, an → a, an − a|an − a| → t
}
.
Then let DerQ(A) to be the union of Dera(A) with rational points a ∈ T2.
Given this definition, it is very natural to call Dera(A) to be the local
direction set of A around a. Notice that if a is not contained in the closure
of A then Dera(A) is empty. The usefulness of the notion of local directions
can be seen in the following result.
Lemma 4.2. Let A ⊂ T2 be a closed and T2, T3 invariant set. Let a ∈ A be
a rational point. Then for each rational t ∈ Dera(A), there is a rational point
a′ ∈ A and the line passing through a′ in direction t is contained inA. IfDera(A)
contains an irrational direction, then A = T2.
Proof. The orbit of a under T2 and T3 is finite. If a would be fixed by T2, T3
(in this case, a = (0, 0)) then the result follows by a direct application of
Furstenberg argument and the fact that A is closed. To see this, we fix
a small number . By the definition of Dera(A), we see that for each t ∈
Dera(A) and for each δ > 0, there is a point aδ ∈ A \ {a} such that
|aδ − a| < δ
and ∣∣∣∣ aδ − a|aδ − a| − t
∣∣∣∣ < δ.
Here, we take t as an element in S1 (originally it was an element in S1/{±1}).
In other words, the distance between a, aδ is at most δ and the orientation of
the line segment aaδ is δ-close to t. Now, we consider the line l ⊂ T2 pass-
ing through aaδ. This line can be dense in T2, but this does not leave us any
difficulties. For example, we can just view this line simply on R2. By con-
sidering T2, T3 actions only on this line, we are essentially in the situation
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discussed in Section 3. We identify l with R in a metric preserving manner.
Then T2, T3 actions simply become ×2,×3 on R. As a is fixed by T2, T3 we
can take a to be 0. Then aδ is taken to be a small positive number a′δ ≤ δ.
By Furstenberg argument, we see that the ×2,×3 orbit of a′δ is δ′ dense on
[e−0.5, 1]. Here δ′ > 0 and δ′ → 0 as δ → 0. By letting δ to be small enough,
we can ensure that δ′ <  as well as δ < . Then taking everything back to
T2, we see that for each  > 0, there is a line l passing through a with di-
rection t being -close to t such that the line segment [a+ e−0.5t, a+ t]∩A
is -dense. By letting → 0 we see that
[a+ e−0.5t, a+ t] ⊂ A.
In the above argument, e−0.5 can be taken to be any positive number smaller
than one. Thus we see that there is a line segment containing a which is
contained in A. By applying T2, T3 we see that the ray passing through a
with direction t must be contained in A. If t is rational, then this ray is a
homogeneous line in T2. If t is irrational, this ray must be dense in T2.
If a is not fixed, then Orb2,3(a) is a finite set. Again, by Furstenberg
argument we see that for each s > 0, there is a sequence of directions tn ∈
S1, points an ∈ A, bn ∈ T2,3(a) such that
tn = (an − bn)/|an − bn| → t, |an − bn| → s.
Since Orb2,3(a) is finite, we can consider bn to be all equal to a′s ∈ Orb2,3(a).
Applying the above argument for each s > 0 we find an at most finite
decomposition of (0,∞). The closure of at least one of components in this
decomposition contains intervals (Baire Category). Together with the T2, T3
invariance and closeness of A, we conclude the result. 
To warm-up, we illustrate a simple observation.
Lemma 4.3. Let (x, y) ∈ T2 be such that x, y are not rational nor rationally
related. Then
#DerQ(Orb2,3(x, y)) > 1.
Remark 4.4. We will eventually show that under the same condition, the quantity
#DerQ(Orb2,3,5(x, y)) (with an additional 5) cannot be finite (instead of only
being bigger than 1).
Proof. First, we show that #DerQ(Orb2,3(x, y)) > 0. Indeed, since x, y are
not rational, because of Furstenberg’s theorem, by applying ×2,×3 on x
one can approach any point in [0, 1]. In particular, there is a sequence an ∈
Orb2,3(x, y) with Π1an approaching a rational number. We assume that
y′ = limn→∞Π2an exists by passing to a subsequence if necessary. If y′
is irrational, then by Furstenberg’s theorem and Baire category theory, the
closure of Orb2,3(x, y) contains at least one vertical line with rational X-
coordinate and DerQ(Orb2,3(x, y)) contains (0, 1). If y′ is rational, then by
the compactness of S1 we conclude that #DerQ(Orb2,3(x, y)) > 0.
Now suppose that #DerQ(Orb2,3(x, y)) = 1. Then this one element t in
S1 must be rational, namely, t = (tx, ty) satisfies txty = 0 or ty/tx ∈ Q.
Otherwise, Orb2,3(x, y) must be dense by Lemma 4.2. Assume that tx 6=
0, ty/tx = p/q with gcd(p, q) = 1. Then there is a matrix L ∈ SL2(Z)
such that the direction of L(t) is horizontal (X-coordinate direction). As
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T2, T3 commute with L we claim that it is of no loss of generality if we
assume that the direction t is (1, 0). Indeed, for doing this, we also need
to ‘shift’ the starting point to be (x′, y′) = (x, y) × LT . Rationality and
rationally relation cannot be changed under this multiplication with ma-
trix LT ∈ SL2(Z). More precisely, x′, y′ are again irrational numbers which
are not rationally related. Thus we may replace x, y by x′, y′ and assume
that (1, 0) is the only element in DerQ(Orb2,3(x′, y′)). Since y′ is irrational,
we see that the closure of Orb2,3(0, y′) contains {0} × [0, 1]. Let Q be a
large prime and let an ∈ Orb2,3(x′, y′) with Π2an → Q−1. We assume
that x′′ = limn→∞Π1an exists. If x′′ is irrational, then by using Fursten-
berg’s theorem, we see that there is an integer k not being a multiple of
Q such that Orb2,3(x′, y′) is dense [0, 1] × {k/Q}. If x′′ is rational, then
Der(x′′,y′′)(Orb2,3(x
′, y′)) = {(1, 0)}. This time we apply Furstenberg argu-
ment, Lemma 4.2 and see that there is an integer k not being a multiple ofQ
such thatOrb2,3(x′, y′) is dense [0, 1]×{k/Q}.As this happens for any prime
numberQ > 5 we see thatOrb2,3(x′, y′) contains infinitely many horizontal
lines with rational Y -coordinates. Those Y -coordinates must have at least
one accumulate point. If this accumulate point is irrational, then we can
apply Furstenberg’s theorem. If this accumulate point is rational, then we
can apply Furstenberg argument (restricted on the line {0}× [0, 1]). In both
cases, we see that Orb2,3(x′, y′) = T2. However, this certainly contradicts
our assumption that
#DerQ(Orb2,3(x, y)) = 1.
From here the result follows. 
Our strategy for proving Theorem 1.7 is to show that there are many di-
rections in DerQ(A) for A being a suitable T2, T3, T5 invariant set. In order
to see why this strategy is plausible we prove the following simple obser-
vation.
Lemma 4.5. LetA ⊂ T2 be a closed and T2, T3 invariant set. If #DerQ(A) =∞,
then A = T2.
Proof. Since #DerQ(A) =∞,we can find at least countably infinitely many
elements in DerQ(A). For each t ∈ DerQ(A), by Lemma 4.2, we see that A
contains a line in direction t. Without loss of generality we assume that
all such t must be rational directions. Let t = (tx, ty) is such that ty/tx =
p/q, gcd(p, q) = 1. Then a line with direction t is 1/q-dense in T2. Thus if
A is not T2, there are only finitely many such q′s. Therefore we can only
find finitely many rational directions in DerQ(A). This contradiction gives
us the result. 
5. PRE-IMAGE TRACKING METHOD AND THE FINAL STEP
So far, we have only considered Orb2,3(.) instead of Orb2,3,5(.). We shall
see in this section that the addition ×5 action plays a crucial role in our
argument. However, we believe that the need for the additional ×5 action
shoud not be necessary, see Remark 1.10. In order to see clearly our reliance
on the additional ×5, we prove the following lemma.
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Lemma 5.1. LetN > 1 be an integer and let r be a rational number not in ZN−1.
Then there are choices of two numbers a, b in {2, 3, 5} such that ambnr is never in
ZN−1 whenever n,m ≥ 0. In particular, if r ∈ T is a non-zero rational number,
then there exist two numbers a, b in {2, 3, 5} such that ambnr is never zero in T,
in other words, the number ambnr is never an integer.
Proof. Let r = p/q with gcd(p, q) = 1. Suppose that there is an integer K
such that Kr ∈ ZN−1 which is equivalent to KNr ∈ Z. Then we see that
q|KNp.
Since gcd(p, q) = 1 we see that
q|KN.
This forces [q,N ]|KN. Thus K must be an integer multiple of [q,N ]/N.
Now we write
[q,N ]/N = 2k23k35k5Q
with k2, k3, k5 ≥ 0, Q ≥ 1, gcd(2, Q) = gcd(3, Q) = gcd(5, Q) = 1. If k2 > 0
then we can choose a = 3, b = 5. If k3 > 0, then we can choose a = 2, b = 5.
If k5 > 0, then we can choose a = 2, b = 3. In all these three cases, we see
that
ambnr
can never be in ZN−1 as ambn can never be an integer multiple of [q,N ]/N.
Suppose now that k2 = k3 = k5 = 0, Q > 1. Then we can choose a =
2, b = 3. (In fact, any choices of a, b in this case would be equally possible.)
Thus we are left with the case k2 = k3 = k5 = 0, Q = 1. In this case we
see that [q,N ] = N and this implies that q|N which is not possible because
r = p/q /∈ ZN−1. 
In what follows, we need a special construction of a set. Let L0 be the
unit segment connecting (0, 0) and (0, 1). Let
a0 = (0, 0), a1 = (0, N
−1), . . . , aN = (0, 1).
Then we have the line segments aiai+1, i ∈ {0, . . . , N − 1}. Let 0 < δ <
0.0001 be a small number. We construct a rhombus E0 with vertices (0, 0),
(0, 1), (−δ, 0.5), (δ, 0.5). Then we shrink E0 with factor N−1 and copy it
along all segments aiai+1, i ∈ {0, . . . , N − 1}. As a result we obtain a set
Eδ,N which is a union of small rhombuses, see figure 1. One property we
need for Eδ,N is as follows.
• Pre-image property(PP): If a /∈ Eδ,N and |Π1a| ≤ δ then T2(a), T3(a),
T5(a) are not in Eδ,N .
For convenience, we introduce the notion of linear form system.
Definition 5.2. Let a, b ∈ Z be such that at least one of them is not zero and
gcd(a, b) = 1. Let La,b(x, y) = ax+ by be the corresponding linear form and La,b
be the line set {(x, y) ∈ T2 : ax+by = 0}. Let J > 0 be an integer, let L0, . . . , LJ
be different lines with L0 = {0}× [0, 1]. We call such a collection of lines a linear
form system.
The following result is very important step towards the proof of Theorem
1.7. Essentially it says that for a closed T2, T3, T5 invariant set A, if A ∩ Q2
is contained in a linear form system, then A itself must be rather special.
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FIGURE 1. Illustration of Eδ,N (filled with black)
Lemma 5.3. (Pre-image tracking) Let Lj , j ∈ {0, . . . , J} be a linear form system.
Let (x, y) ∈ T2 be such that {Orb2,3,5(x, y)} ∩ Q2 ⊂
⋃
0≤j≤J Lj . Suppose that
(0, 1) ∈ DerQ(Orb2,3,5(x, y)) then x is rational.
Remark 5.4. The non-empty condition of DerQ(Orb2,3,5(x, y)) forces that x, y
cannot both be rational. This can be viewed as an irreducibility condition. If
(0, 1) /∈ DerQ(Orb2,3,5(x, y)),
then we can essentially remove L0 in our consideration and replace (0, 1) with
another rational direction. By coordinate changing, we can as well enforce that
(0, 1) ∈ DerQ(Orb2,3,5(x, y)). This assumption makes the X-coordinate spectial,
as we will see in the proof.
Proof. Assume that x is irrational. Let S ⊂ N be the multiplicative semi-
group generated by 2, 3, 5 and for each natural number n, Sn be the n-
th element in S. For convenience let a0 = (x, y), an = (Snx, Sny) ∈ T2
and A = {Orb2,3,5(x, y)}. Our assumption is that for each subsequence
{ank}k≥1, whenever
lim
k→∞
Π1ank ∈ Q \ {0},
we have (here lim denotes the set of limit points)
lim
k→∞
ank ⊂
⋃
J≥j>0
Lj .
This is because if limk→∞Π2ank contains an irrational number, then by
choosing carefully two actions in {T2, T3, T5} (Lemma 5.1) and applying
Furstenberg’s theorem we can find a vertical line with rationalX-coordinate
not passing through the origin. This line certainly contains rational points
not on
⋃
j∈J Lj .
From here we see that {0} × [0, 1] is the only vertical line with rational
X coordinate that could be contained in A. If {0} × [0, 1] 6⊂ A then (0, 1) /∈
DerQ(A) which contradicts the assumption. Thus we see that {0} × [0, 1] is
the only vertical line with rational coordinate that is contained in A.
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Let a ∈ Orb2,3,5(x, y) then there are uniquely determined (recall that x is
irrational by assumption) non-negative integers k2, k3, k5 with
a = T k22 T
k3
3 T
k5
5 (x, y).
We need to determine a ‘pre-image’ of a. Since at least one of k2, k3, k5 is
strictly positive, say k2 > 0, we can choose pre(a) to be
T k2−12 T
k3
3 T
k5
5 (x, y).
If multiple choices are possible, we have a free choice. For concreteness, we
prefer to minus one on k2 than on k3 than on k5. In this way, we defined
pre(a) for all a ∈ Orb2,3,5(x, y) expect for (x, y). We will not need to apply
pre on (x, y) so we leave the function pre as it is without trying to extend
the domain.
Let N be an integer such that (0, y′) ∈ ⋃j>0 Lj =⇒ y′N ∈ Z. We cut the
line L0 = {0} × [0, 1] into equal pieces with length N−1. The cut points are
rational numbers of form m/N,m ∈ {0, . . . , N}. We choose a small number
δ > 0 and construct Eδ,N as mentioned before this lemma. For simplicity,
we call E = Eδ,N .
Now we want to consider sequences ank , k ≥ 1 with ank ∈ E and
lim
k→∞
Π1ank = 0.
We need to be sure that there is at least one such a sequence. Assume that
there is none then we see that A ∩ L0 ⊂ {m/N}m∈{0,...,N}. This contradicts
the fact that L0 ⊂ A.Having shown the existence, we take an arbitrary such
sequence {ank}k≥1. Consider the pre-images:
{pre(ank)}k≥1.
For each k, we see that there is an action T in {T2, T3, T5} such that
T (pre(ank)) = ank .
Now either pre(ank) is still near the lineL0 (inT2) in which case Π1pre(ank) =
Π1ank/s or 1− ank/s for a number s ∈ {2, 3, 5}, or else pre(ank) is far away
from L0. More precisely, we see that for a number s ∈ {2, 3, 5}
s(Π1pre(ank)) = Π1ank .
If s = 2 then Π1pre(ank) would be close to 1/2. (Similar argument works
for s = 3, 5 as well.) Suppose that we can find infinitely many k such that
pre(ank) is away from L0. By passing to a subsequence we see that there is
a
t ∈ {1/5, 2/5, 3/5, 4/5, 1/3, 2/3, 1/2}
and
lim
k→∞
Π1pre(ank) = t.
By passing to a further subsequence if necessary, we assume that the limits
lim
k→∞
Π2ank = y
′′, lim
k→∞
Π2pre(ank) = y
′′′
exist.
If y′′ is irrational, then y′′′ is irrational as well. Then we see that (t, y′′′) ∈
A. The denominator of t is in {2, 3, 5}. By Lemma 5.1, we can choose two
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numbers a, b out of {2, 3, 5} and by applying Furstenberg’s theorem for ac-
tions Ta, Tb we see that there is a r 6= 0 and {r} × [0, 1] is contained in A.
This contradicts the assumption.
Now, suppose that y′′ is rational. Then y′′′ is rational as well. If (t, y′′′) /∈⋃
j>0 Lj then we would have a contradiction. If (t, y
′′′) ∈ ⋃j>0 Lj , then y′′
must be of form m/N,m ∈ {0, . . . , N}. This is because T2, T3, T5 preserve
Lj , j > 0. If we choose δ to be small enough, then by the construction of the
set E we see that (0, y′′) cannot be approached by the sequence ank within
directions determined by Lj , j > 0. Since T2, T3, T5 preserve directions, we
see that (t, y′′′) cannot be approached by pre(ank) within directions deter-
mined by Lj , j > 0.
Let v be a direction of which (t, y′′′) is approached, namely,
v ∈ Der(t,y′′′)(Orb2,3,5(x, y)).
We assume that v is rational. Otherwise, we have A = T2. Using Lemma
5.1, we can choose a suitable set of two actions in {T2, T3, T5} depending on
the denominator of t and we see that there is a rational point (t′, y′′′′) ∈ A
with t′ 6= 0 such that the line passing through (t′, y′′′′) with direction v is
contained inA. (Here it is important that t′ 6= 0 as v can be (0, 1), the vertical
direction. In this case the following argument would fail. This is where the
additional ×5 action plays a crucial role.) We know that v is different than
any of the directions of Lj , j > 0. Then we see that A must contain rational
points outside the Y -axis which are not on
⋃
j>0 Lj . This contradicts the
assumption.
Denote d(., .) to be the Euclidean metric of T2. The above contradiction
shows that all but only finitely many pre(ank) can be away from L0.As this
holds for any sequence ank approaching L0 within E, we see that there is a
small number  > 0 such that whenever a ∈ E ∩Orb2,3,5(x, y), d(a, L0) < ,
the pre-image a′ of a (as a is in the orbit, this pre-image is uniquely deter-
mined in our construction) is closer to L0. More precisely, we have
d(a′, L0) ≤ 0.5d(a, L0).
By the pre-image property (PP), we that a′ ∈ E as well (recall that we chose
d(a, L0) to be very small). Thus we can track the pre-image of a′, then the
pre-image of the pre-image... After a certain number M of tracking back
steps, we must arrive at (x, y), the starting point. We see that d((x, y), L0) ≤
2−M . SinceM can be arbitrarily large and  can be arbitrarily small, we see
that x = 0 (or 1, which is the same because it is in T). This contradiction
shows that the assumption that x is irrational cannot hold. Thus we see
that x is rational. 
We will now finish the main step of the proof. In order to give a clear
illustration, we prove the following lemma which will be upgraded into
a full proof of Theorem 1.7. This lemma is only a tiny improvement of
Lemma 4.3, but the proof is much more complicated.
Lemma 5.5. Let (x, y) ∈ T2 be such that x, y are not rational nor rationally
related. Then
#DerQ(Orb2,3,5(x, y)) > 2.
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Remark 5.6. We can replace the number 2 on the RHS with any positive integer.
This will require some technical considerations which will be discussed later.
Proof. Assume that
#DerQ(Orb2,3,5(x, y)) = 2,
then let {u, v} = DerQ(Orb2,3,5(x, y)). Both u, v can be assumed to be ra-
tional direction. By applying a matrix L in SL2(Z) (if necessary) we shall
assume that
u = (0, 1), v 6= (0, 1).
By doing this we shifted our starting point (x, y) to (x′, y′) obtained by
(x, y)LT . If the orbit closure A = Orb2,3,5(x′, y′) contains infinitely many
u directional lines then A must be T2. In addition, all the u directional lines
contained in the orbit closure must be rational lines. This can be seen via
the X-coordinates of those lines after applying Furstenberg’s theorem. The
same holds for v-directional lines as well. Therefore we assume that A con-
tains finitely many u and v directional lines which are necessarily rational.
Denote the collection of those lines as L. Let N be an integer such that TN
maps lines in L to homogeneous lines (passing through (0, 0)). There are
only two such homogeneous lines lu, lv with directions u, v respectively.
This is possible because L is a finite collection of rational lines. More pre-
cisely, let N ′ be such that the lines in Lwith v direction intersect the Y -axis
with coordinate in N−1Z. This is possible since v 6= (0, 1) and there are
finitely many lines in L (therefore there are finitely many intersections of
lines in L with the Y -axis). Similar argument holds for u directional lines
in Lwith an integer N ′′. We can now choose N = N ′N ′′. We enlarge L into
L˜ by including all pre-images of lu, lv under TN .
Let r be a rational number not of form m/N,m ∈ {0, . . . , N}. We have
{r} × [0, 1] ∩ A 6= ∅. If (r, s) ∈ A with s being irrational, then by choosing
two of {T2, T3, T5} carefully as indicated in Lemma 5.1, we see that there is
a non-zero rational number r′ not of form m/N,m ∈ {0, . . . , N} such that
{r′} × [0, 1] ⊂ A. This contradicts our assumption on N. Thus s must be
rational. Then (r, s) must be non-isolated. Consider Der(r,s)(A), we see
that
Der(r,s)(A) = {v}.
For otherwise we could obtain an additional u directional line that contra-
dicts our assumption on N. Similarly, with the help of Lemma 5.1 again,
we see that (r, s) is contained in v directional lines in L˜. Indeed, suppose
that the homogeneous v directional line satisfies {k1x+ y = 0} where k1 is
rational. Then the v directional lines in L˜ satisfy
{k1x+ y = k/N}, k ∈ {0, . . . , N − 1}.
If (r, s) is not contained in those lines, we see that
k1r + s /∈ ZN−1.
Thus by Lemma 5.1, we can choose two numbers a, b out of {2, 3, 5} such
that the Ta, Tb orbit of (r, s) never intersects the v directional lines in L˜. Then
from the proof of Lemma 4.2 we can find a v directional line contained in A
which is not one of those lines in L˜. This contradicts the construction of L˜.
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To summarise, if (r, s) ∈ A is rational, then it is contained in lines in
L˜. Now we replace x′ by x′′ = Nx′, y′ by y′′ = Ny′ and consider A′′ =
Orb2,3,5(x′′, y′′). It can be checked that DerQ(A′′) = {u, v}. We see that A′′ ∩
Q2 is rather restrictive. More precisely, if (r, s) ∈ A′′ is a rational point,
then A contains one of its pre-image under TN . This pre-image must be
contained in lines in L˜ and this implies that (r, s) must be contained in lu or
lv. By Lemma 5.3 we see that x′′ ∈ Q. However, we have x′′ = Nx′ and x′
is of form ax + by with a, b ∈ Z. This shows that x, y are rationally related.
This contradicts the assumption and the result follows.

We now finish the last step of the proof.
Lemma 5.7. Let (x, y) ∈ T2 be such that x, y are not rational nor rationally
related. Then
#DerQ(Orb2,3,5(x, y)) =∞.
Proof. Suppose that k ≥ 3 is an integer and #DerQ(Orb2,3,5(x, y)) = k.
Then the elements in DerQ(Orb2,3,5(x, y)) must be rational. By a multi-
plication with a matrix in SL2(Z) we shall assume that (0, 1) is in this local
direction set. The directions inDerQ(Orb2,3,5(x, y)) determine a linear form
system L. For each line l in this system, we see that A = Orb2,3,5(x, y) can
contain at most finitely many necessarily rational lines in the direction of l.
We collect this lines in all possible directions as L. Thus we can find an in-
teger M such that TM sends lines in L to homogeneous lines. We consider
Orb2,3,5(Mx,My). Let L˜ be an extension of L by including all pre-images
of L under TM . Whenever there are points in Orb2,3,5(Mx,My) approach-
ing a rational point not on the linear form system L, we see that there is
a sequence in Orb2,3,5(x, y) approaching a rational number which is not
contained in any of the lines in L˜. By Lemma 5.1 we see that A contains
a rational line not in L˜, this contradicts the construction of L and L˜. Thus
we see that the only rational points on the closure of Orb2,3,5(Mx,My) are
contained in lines in L˜. By Lemma 5.3, we see that Mx must be a rational
number and this would be a contradiction. From here we see that
#DerQ(Orb2,3,5(x, y)) = k
cannot hold for any integer k ≥ 3. As we have seen that
#DerQ(Orb2,3,5(x, y)) ≥ 3
we conclude that
#DerQ(Orb2,3,5(x, y)) =∞.

Theorem 1.7 is then proved. We give a formal conclusion below.
Proof of Theorem 1.7. We see that Theorem 1.7 is a direct consequence of
Lemma 5.7 and Lemma 4.5. 
14 HAN YU
6. ACKNOWLEDGEMENT
HY was financially supported by the University of Cambridge and the
Corpus Christi College, Cambridge. HY has received funding from the
European Research Council (ERC) under the European Union’s Horizon
2020 research and innovation programme (grant agreement No. 803711).
HY thanks Péter Varjú for various helpful comments.
REFERENCES
[B84] D. Berend, Multi-invariant sets on compact Abelian groups, Transactions of the
American Mathematical Society, 286(2), (1984) ,505-505.
[EKL06] M. Einsiedler, A. Katok and E. Lindenstrauss, Invariant measures and the set
of exceptions to Littlewood conjecture, Annals of Mathematics, 164(2),(2006),513-
560.
[F05] K. Falconer, Fractal geometry: Mathematical foundations and applications, second
edition, John Wiley and Sons, Ltd, (2005).
[F67] H. Furstenberg, Disjointness in Ergodic Theory, Minimal Sets, and a Problem in
Diophantine Approximation, Mathematical systems theory, 1(1),(1967), 1-49.
[LW12] E. Lindenstrauss and Z-R Wang, Topological self-joinings of Cartan actions by
toral automorphisms, Duke Mathematical Journal, 161(7), (2012), 1305-1350.
[M10] F. Maucourant, A nonhomogeneous orbit closure of a diagonal subgroup, Annals of
Mathematics, 171(1), (2010), 557-570.
[MP99] D. Meiri and Y. Peres, Bi-invariant sets and measures have integer Hausdorff di-
mension, Ergodic Theory and Dynamical System, 19, (1999), 523-534.
HAN YU, DEPARTMENT OF PURE MATHEMATICS AND MATHEMATICAL STATISTICS,
UNIVERSITY OF CAMBRIDGE, CB3 0WB, UK
E-mail address: hy351@cam.ac.uk
